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Similar Solutions of the Mean Velocity,
Turbulent Energy and Length Scale Equation

H. Volimers* and J. C. Rottat
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Aerodynamische Versuchsanstalt, Gottingen, W. Germany

A semiempirical approximation of the equations for second order correlations and moments was quan-
titatively investigated. The resulting partial differential equations for mean velocity, turbulent kinetic energy and
length scale are supposed to be valid for plane and axisymmetric free as well as bounded turbulent flows. They
were converted into ordinary differential equations by means of similarity transformations for six different flow
cases (plane free jet, plane asymptotic wake, free mixing layer, plane channel flow, axisymmetric free jet,
axisymmetric pipe flow) and then solved numerically. The values of the coefficients introduced for the closure of
the equations were determined from investigations of the dependence of the solutions on them and by com-
parison with experimental results. A single set of coefficients was obtained, which reproduces the measurements
of mean velocity for all six treated cases and the decay of homogeneous turbulence with satisfactory agreement.

"I. Introduction

URBULENT fluid flow is accepted to be a continuous

motion governed by the Navier-Stokes equations.
Because of the nonlinear character of the equations, the
general solution of the Navier-Stokes equations can be ob-
tained neither analytically nor numerically with the present-
day computers. Therefore, prediction methods for
engineering purposes are based on statistical formulations of
the equations, for which some empirical closure assumptions
have to be introduced. The oldest methods, in which the
theory is combined with empirical approaches, are
Boussinesq’s eddy viscosity concept and Prandtl’s mixing
length formula. Although these relations describe the mean
velocity field remarkably well for many cases, the main
disadvantage is, among other shortcomings, that empirical
assumptions are required for a field quantity, namely the eddy
viscosity and the mixing length, respectively. This means, the
empirical assumptions are related to the boundary conditions
of the flow and are thus to be adjusted for each individual
flow case. The essential motivation of current work is to
develop computation methods, in which the empirical input
consists of a number of coefficients rather than field quan-
tities. These coefficients may be considered to be universally
valid to some extent, such that the methods can be applied to
a greater class of flows with the same values for the coef-
ficients. The basic ideas of such methods and the progress
attained are reviewed by Bradshaw,! Mellor and Herring,?
Launder and Spalding,® Rotta,* and Reynolds. :

The present method is characterized in describing the
flowfield by the mean velocity, turbulent kinetic energy and
turbulent length scale. The objective of the present work is to
achieve numerical solutions for various flow cases, to
compare the results with experimental data available from the
literature, and to determine a set of the coefficients, which
yields best agreement between computed and experimental
results for many cases. For this purpose similar solutions for
the partial differential equations have been computed for six
different flow cases: 1) The free plane jet in a fluid at rest, 2)
the asymptotic plane wake, 3) the free mixing layer, 4) the
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fully developed plane flow in a channel, 5) the free round jet
in a fluid at rest, and 6) the fully developed axisymmetric flow
ina pipe.

Here, ‘similar’ solutions are defined as those for which the
distributions of the dependent variables, which are functions
of x and y, differ from each other only by scale functions of x.
Therefore, in the case of such similar solutions, the
distributions of mean velocity, turbulent energy, and length
scale at all values of x can be made congruent, if they are
plotted in coordinates which have been made dimensionless
with reference to the scale functions. From the mathematical
point of view, the similar solutions have the advantage that
the partial differential equations reduce to ordinary dif-
ferential equations. This approach is more precise than
solving the partial differential equations with a finite dif-
ference procedure, which starts with some chosen initial
distributions and is continued until asymptotic solutions are
obtained. When many parameter variations have to be
calculated, the solution of the ordinary differential equations
is less expensive than that of the initial value problem.

II. Governing Equations

The equations are valid for constant density fluid flows
which are stationary and plane or axisymmetric (without
swirl) with respect to mean values. They contain the usual
boundary-layer approximations. The Reynolds numbers are
supposed to be high such that the kinematic viscosity does not
appear explicitly. A detailed deduction and discussion of the
equations was given by Rotta.®’ Only the transport equation
for the length scale will be treated here with respect to a
refinement of the approximation for the production term.

The mean velocity field is represented by the components i
and 0. The coordinate x is aligned with the main stream
direction denoted by 4. The component @ is either the second
cartesian component or the radial component in cylindrical
coordinate systems. Then y denotes the pertinent coordinate.
Thus the continuity equation reads

§f+_1_3(yjl7)
ax y  ay

=0 )

where j=0 for plane flows and j=1 for axisymmetric flows.
The momentum equations reads

o e\ _ 13(y'r) dp
p(ué;wa—y) 19 @
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Because of the high Reynolds number approximation, the
stress 7 consists entirely of the Reynolds’ stress7=—pu "v ',
where the accent denotes the fluctuating part of the quantities,
and the overbars indicate time averages. The static pressure p
is independent of y. ‘

The transport equation for the turbulent energy per unit of
mass, E= (4’24 v’ 2+ w’?) /2, is used in the form suggested
by Prandtl?®

9E QE E? 7 4a
U—+00—=—-—c—+ - —
ax  dy L p dy
convection dissipation production
k, 0 . JE
+ -2 (yf\/EL—> ?)
y dy ay
diffusion

and has been extended to axisymmetric flows. The variable L
stands for the turbulent length scale defined below, and ¢ and
k, are dimensionless coefficients. Equation (3) states that the
rate of change of energy of a small volume of fluid, which is
moving with the mean flow velocity (convection) is caused by
conversion into heat (dissipation), by creation of new energy
due to the work done by the rate of mean strain on the shear
stress (production), and by transport of energy due to tur-
bulent mixing (diffusion).

For the present investigation of self-similar flowfields the
equation

7=pkVEL —‘;—:- @)

with the constant coefficient k is supposed to be sufficient to
relate the Reynolds’ stress 7 to the other functions. For more
complicated flow situations the relation should be extended to
a transport equation. ®

The length scale L is defined as the integral of the two-point
space correlations perpendicular to the main stream direction
as shown in Fig. 1. It is normalized by the local turbulent
energy

3 oo
L= ﬁg . [ (x,y)u' (x,y+r))

+0 () (Y)W (Gy)w (xy+ry)ldr, (5)

The transport equation for this quantity has a structure
similar to the energy equation and consists again of terms for
convection, dissipation, production, and diffusion. Empirical
closure assumptions yield

d(aEL) +DB(EL)

=—cc, E’?+P
ax ox L
convection dissipation
k a . JoF oL
i [yf\/EL(L_ +a E— )] (6)
» ooy ay dy
diffusion

Herec,, k,, and a, are further coefficients, and P stands for
production of the quantity EL.

W
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Fig.1 The definition of two-point !
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When originally derived from the Navier-Stokes equations
the production term of this equation reads

3 oa

T 16 ay

R, dr
Ao R,

R,dr, Q)

y+r

3 S‘” . onu
—_ + J
160 ) —o y+r) 3

The definition of the correlations functions

Ry=v (x,y)u’ (u,y+r,)

and

R,,=u" (x,y)v" (x,y+r,)

follow from Fig. 1. A Taylor series expansion of the velocity
gradient /9y under the second integral leads to

on 3S°°
dy 16

(Rvu+Ruu)dry

—o0

joa da 3(~
_[;Fy— +——ay2 ] YES-c» ryR,,Udry

[2j 3% d’a ] 3 Sm

7 -——ay2 + a° }E rﬁRwdry 8)

—o0

if only the first three terms of the Taylor series are retained.
For symmetrical correlation functions R, (with respect to r,)
the second integral moment in Eq. (8) disappears. Since in the
previous investigations (Refs. 6, 7) the asymmetry of R, was
supposed to be negligibly small, the second integral of Eq. (8)
was neglected.

The shape of R, is strongly asymmetric at points where the
Reynolds’ stress changes sign. Both functions, R,, and R,,,
are antisymmetric if the fixed point coincides with the axis or
plane of symmetry (y =0). Consequently

[ Ruar=o ©
but

S_m rR,dr,#0 (10)

From these arguments it can be concluded that the first and
third terms in Eq. (8) disappear at points where the stress
changes sign, while only the second term contributes to the
production term. Additionally, from the general relations for
the differentiation of the correlation function it follows for
ry,=0and arbitrary y

dR,, +6R,,,, _du'v’
ar, ay - ay

amn

and — by definition

R,=R,,=u'v’ (12)

These statements suggest, for practical application, a splitting
of the correlation function R,, into a symmetric and an
antisymmetric part. The symmetric part, R}, is assumed to
be proportional to #’v’, and the antisymmetric part, R {9, be
proportional to the derivativedu’v’ /dy. Accordingly, we
have the relationship

~ r ou'v’
R,=u"v’ R (—y—) +—é;—LRl$5’ (fLy—) (13)
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where the dimensionless functions R} and R\® depend on
the dimensionless coordinate r,/L. Then the production term
in Eq. (6) becomes

r( oa 2 9% 8%
R TTNAN
U s y oy’
107 [j ou 3212]
+ - — + 14
s Ly Ty (14

where ¢, ¢, and {; are dimensionless coefficients.

It should be noted that the third derivative of @ in Eq. (14)
can be eliminated from Eq. (6). This is achieved by dif-
ferentiating Eq. (2) with respect to y, after 7 has been in-
troduced according to Eq. (4). Therefore, the highest order
derivative of 4 in the equation for the length scale is actually
of second order.

III. Boundary Conditions

Boundary Conditions Near Walls

The equations (1-4) and (6) do not take into account the
influence of the kinematic viscosity on the flowfield near solid
walls. Consequently, the exact boundary conditions cannot be
satisfied at the surface. The boundary conditions must be
defined just outside the viscous regime, which is supposed to
be very thin.

Next to the wall, outside the viscous sublayer, the mean
velocity profile is described by the logarithmic law of the wall

a= (1 y': ) (15)

where u#,=+/71,,/p is the shear stress velocity, k von Kdrman’s
constant (x =0.4), and C another constant (C = 5.2).

In the vicinity of the wall the averaged properties of tur-
bulence do not change along streamlines, and the energy
diffusion is very small, too. So all but the first two terms on
the right hand side of Eq. (3) can be neglected. With Eq. (4),

this yields
k o\ 2
E=~ LZ( —“) (16)
c ay

=lIrlk/c an

and

Combination of Eq. (16) and Eq. (17) leads to Prandtl’s
mixing length formula with the mixing length to be identical
to the turbulence scale L. This identification is admissable
without prejudice to the definition of Eq. (5), because the
equations remain correct, if L is muitiplied by an arbitrary
factor and the coefficients are properly adjusted at the same
time. Furthermore, this leads to the relation

c=k* (18)

which will be used for the determination of k. Finally, we
obtain

E=(lrl/p)c™%3 (19)

which can be used as a boundary condition for E at a position
near the wall.

If the length scale equation is applied to the region of the .

logarithmic law of the wall, Eq. (15), the convection terms but
not the diffusion term are negligible. With the differentiation
of Eq. (15), E=const, and the identification of L with the
mixing length, i.e. L =«y, the relation

g‘—CL+2K2§‘3+K2quaL/C=0 (20)

is derived, from which «; will be determined.
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Conditions on Free Boundaries

The free boundaries of turbulent flowfields also need a
special treatment. As the viscosity does not appear explicitly
in the equations, a line y,{x) exists which separates the
turbulent zone from the region of irrotational flow. The
boundary conditions, prescribed for y=y, are a=u.(x),
E=E,(x) =0. No boundary condition is prescribed for L, it is
only supposed that L has a finite value, L., for y=y,. From
Bernoulli’s equation is follows

1dp _ du,

il U, —=
p dx dx
and integration of the continuity equation (1) yields for y >y,

o =on =u(2e) - Le(y250) L
Ux;)’ -—U )y Ve y dx y yj l+j

The differential equations become (inessentially) singular
on y.(x), so that they cannot be treated numerically near that
line. It is necessary to investigate the asymptotic behavior of
the functions at that region analytically.

For y<y, and 0<y,—y<1 the flow variables may be
represented by power series

#(x,y) =, (x) +a(x) (y.(x) —y)9+... (22a)
E(x,y)=b(x) (y.(x)—y)" +... (22b)
L(x,y)y=L.(x)+... (22¢)

where the exponents p>1 and g>1 have to be determined.
The approximation of

P v(ye)' due< y{;“) 1
T(x6Y) =0\ — 2y
Ny ax VT ) Tx

dy,

+a(y.— )q71;+ (23)

can be derived from the continuity equation. As the
production and dissipation terms in the energy equations
disappear faster with y, — y than convection and diffusion, we
can write

u ad +0 {E‘ < BE) 24)
ax  dy kq 3y
This yields with the relations of Eqs. (22)
dy, -
<u'e_a}£_ve>bp(ye_y)p ! .

=kqb3/2LeP(§2£ —]> Ye—=) [(3p/2)-2)

and it is found that the energy equation is satisfied for p=2
and

dy.

& =2k VbL, @25)

Ueg——

In the same way the relation
dy,
uqx— —0,=qkVbL, 26)

is derived from the momentum equation (2). By comparison
of the relations (25) and (26) the exponent follows from

q=2k,/k @7
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By the same arguments the length equation leads again to
Eq. (25) with k, replacing k,. But the production is
negligable only if the condition ¢ >2 is satisfied. It is seen that
the supposition of a finite vlaue of L,(L.>0) requires
kg =k, and k,> k. These relations are generally used in the
calculations.

1V. Similarity Transformation and
Numerical Solution

The partial differential equations given in Sec. II were
converted into ordinary differential equations by means of
similarity transformations. For free turbulent flows the
transformations proceed from the known laws of spread (cf.
Schlichting® or Rotta’) and do not include pressure gradients.
In this context reference is made also to the work of Gértler '°
and Tollmien.!' The dependent variables in fully developed
flows in channels and pipes are supposed to be independent of
the coordinate x.

The ordinary differential equations for mean velocity,
kinetic energy of turbulence, and length scale, which have to
satisfy boundary conditions on both ends of the interval, were
integrated simultaneously, using the so-called shooting
technique. The detailed presentation of the transformed
equations and the description of the numerical method are
givenin Ref. 12.

V. Results

The solutions of the equations depend on the choice of the
empirical coefficients, occurring in the Eqs. (3, 6 and 14). The
main task was, therefore, to determine a single set of the
coefficients, which reproduces solutions, which agree with
experiments as close as possible for all treated cases. A first
estimate resulted from an inductive treatment of the
equations, conducted by Rotta. !> Starting from the values of
this study, systematic variations of the coefficients were
investigated. The results, which are described in Ref. 13, lead
to the following set of coefficients:

c=0.165, ¢, =0.8, k,=0.8, {=0.98, {,=1.2
G=—1.5 x=0.4, k=0.548, o, =0.387

This set of coefficients is mainly based on comparisons of
mean velocity profiles. The distribution of turbulent energy
was only considered for the choice of the value of ¢. The value
¢=0.165 was already suggested by earlier investigations. '3 It
is also supported by the method of Bradshaw, Ferris, and
Atwell, * where the approximation 7=0.3 pE is used. The
value of ¢ computed from this relation together with Eq. (19)
is about that given above.
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Fig.2 Profile of mean velocity of the plane free jet.
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The distributions of longitudinal mean velocity i, turbulent
energy E and turbulent length, L, calculated with this set of
coefficients are plotted with the pertinent similarity coor-
dinates. Experimental values for mean velocity and turbulent
energy are indicated by a dashed line. In some cases Prandtl’s
mixing length is shown as a dash pointed line. In cases of free
turbulent flow it is computed by theory as a constant for a
flow of half width b given by experiment.

1) The plane free jet emerges from an orifice or a nozzle of
high aspect ratio into a resting fluid. Similarity is expected
beyond a sufficient distance from the entrance. The profile of
@ in Fig. 2 is compared with measurements by Bradbury. !’
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Fig. 3 Profiles of turbulent energy and turbulent length scale of the
plane free jet, (1) mixing length //x.
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The measured half width b/y=0.11 deviates only slightly
from the computed half width 5/y=0.106. The energy
profiles in Fig. 3 agree satisfactorily. The length L has a
maximum in the plane of symmetry and crosses Prandtl’s
mixing length. :

2) The asymptotic plane wake is calculated at a distance x
from an assumed circular cylinder of diameter d, where the
velocity deficit has decreased to a small fraction of the un-
disturbed stream (%o, —Uu,,<€u,). Figure 4 shows the
velocity deficit 4, — u,, as a function of y/vxdc,, where ¢,
is the drag coefficient normalized with respect to d.
The computational value of half width at half maximum,
b/~Nxdc,=0.244, is insignificantly smaller than the ex-
perimental value, b/¥xdc, = 0.25, measured by

Schlichting.'® According to the computation the maximum
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Fig. 6 Ratio 7/(pE) for the plane wake.
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Fig. 7 Profiles of mean velocity of the free mixing layer for different
velocity ratios.--- Experimental profiles by Liepmann and Laufer!®
foru,,/u,=0and by Spencer and Jones '’ foru,, /1, = 0.3 and 0.6.
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Table1 Comparison of values for spreading of free mixing layers

YmlY
U/ Uy computation experiment
0 0.019 0.03
0.3 0.009 0.02
0.6 0.003 0.005
10
7&-— 5
3
B
'
B
0 ==
05 10

Fig.9 Profile of mean velocity for the channel flow.

deficit decreases with u, —u,,=0.987vc,d/x. Significantly
greater values for the computed energy than those measured
by Townsend!” are seen in Fig. 5. On the other hand the ratio
7/(pE) extracted from Townsend’s measurements'’ is
plotted in Fig. 6. It agrees exactly with the computed values in
the middle of the wake. Consequently, the measured shear
stress is lower than is required by the momentum equation.
Thus it is to be concluded, that the experimental data are not
compatible with each other. The turbulent length scale, shown
in Fig. 5, decreases slightly towards the outer boundary and is
smaller than the mixing length.

3) The free mixing layer is created by two coflowing plane
jets of different velocities u,, and u,. The profiles of mean
velocity, energy, and length are plotted in Figs. 7 and 8 for the
velocity ratios. u./ Uy =0, 0.3 and 0.6. The difference (y—
¥Y.)/x, where y,, is the point with @2,, = (4o + u,)/2, was pre-
ferred to y/x as ordinate, because y,, seems to be very sen-
sitive to experimental deviation from the idealized theoretical
case. The investigations of Liepmann and Laufer '® were used -
for comparison of u./u,=0 and those of Spencer and
Jones'? for u,,/uy,#0. For the velocity ratio u,,/u,=0.6 the
computational results are almost in complete agreement with
the experimental data. For lower ratios, the computed spread
becomes remarkably lower than the experimental one and,
accordingly, the turbulent energy is too low. The length scale
varies only slightly with y. Experimental and computed values
of y,,/x are compared in Table 1.

4) The fully developed flow through a channel of half-
height H and high aspect ratio is supposed to be two-
dimensional. The velocity profiles @ is presented as law of the
center in Fig. 9. Clark’s measurements?® for Re=1.3-10°%
coincide with the computational results. The experiments of
Comte-Bellot?! for Re=2.3-10° show a less full profile.
Figure 10 demonstrates the good agreement of turbulent
energy in the center. Possible reasons for the increasing
differences towards the wall are discussed in connection with
the results of the pipe flow. The length scale deviates
remarkably from its asymptote lim L=0.4 (H—y) already at

B fRe=2UH/v, U velocity averaged over the cross section.
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small distances from the wall. {t-has the value L/H=0.25 at
the center line.

5) The axisymmetric jet emerges from a circular hole or
nozzle into a resting fluid and is the counterpart of the plane
jet. The computational results are compared with ex-
perimental data of Wygnanski and Fiedler.?? The profiles of
the longitudinal velocity in Fig. 11 differ only slightly. The
computational half width b/x=0.0894 has to be compared
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Fig. 10 Profiles of turbulent energy and turbulent length scale for
the channel flow.
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Fig. 11 Profile of mean velocity for the axisymmetric free jet.
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Fig. 12 Profiles of turbulent energy and turbulent length scale for
the axisymmetric free jet, (i) mixing length.
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Fig. 13 Profile of mean velocity for the pipe flow.
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Fig. 14 Profiles of turbulent energy and turbulent length for the pipe
flow, (i) mixing length J, [/R =0.14—0.08 (/R)% - 0.06 (r/R)*.

with the experimental value b/x=0.088. The energy profiles
in Fig. 12 nearly coincide for y/x>0.9. In the center the
computed values are considerably lower than the measured
ones. The length scale distribution has the same shape as that
for the plane jet, though it is essentially smaller. The mixing
length is higher than the average value of L/x.

6) For the fully developed flow through a circular pipe of
radius R the situation is similar to the channel flow. The
computed mean velocity profile in Fig. 13 is slightly too
peaked compared to measurements of Nikuradse?® at
Reynolds numbers Re=10°§. The comparison of Laufer’s
data?* at Re=5-10§ with the computed energy profiles in
Fig. 14 shows satisfactory agreement near the center and
increasing differences towards the wall. This deviation can be
understood from the fact, that turbulent motion near the wall
presumably consists of two parts: An ‘active’ part which
produces the stress and ‘inactive’ part generated by motion
far from the wall.?> Although the ‘inactive’ fluctuations can
reach rather high values they practically do not affect the
mean velocity profile. As they are not included in the used
equations they are probably responsible for the discrepancy of
the energy profiles. The length scale has a similar shape as the
mixing length determined by Nikuradse?® but it is smaller and
deviates strongly from its asymptote lVinIl? L=04 (R-r) al-

ready near the wall. The value in the center is only half of that
for the plane channel

VI. Conclusions

A system of partial differential equations for the
description of turbulent flowfields was treated. It consists of

§Re=2UR /v, Uvelocity averaged over the cross section.
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Table2 Range of boundary conditions

plane axisymmetric
flow flow

free jet (uy =0)

wake (U — 11, €Uy, )

free free jet

flows free mixing layer (U, =0)
(Ug/up=0,0.3,0.6)

flows

with channel flow pipe flow

walls

relations between the mean velocity components, the
Reynolds’ stress, the kinetic turbulent energy and the
characteristic length scale which is defined as an integral of
second-order correlations. By assuming similarity of the flow
quantities the equations were transformed into ordinary
differential equations. They were solved numerically for six
different turbulent flowfields. The wide range of boundary
conditions of the treated cases is illustrated in Table 2.

The influence of the empirical coefficients on the solutions
was investigated by systematic variations.

As the most important result of the investigations, a single
set of coefficients was determined. The calculated results,
obtained with this set of coefficients display, generally
speaking, fair agreement with the experiments.

Since the decay of homogeneous turbulence is well ap-
proximated, too, the system of equation seems to describe
correctly the essentials of the mechanism of turbulence. But
according to the strong simplifications of the equations, it is
not surprising that an exact quantitative description could not
be achieved.
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